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Abstract 
In this paper, we will present an analytical modelling of a one-turn coil dedicated to 
magnetic-pulse technologies. The goal is to be able to determine the main useful parameters 
of an inductor by calculating the magnetic vector potential “A” diffusion. The concerned 
parameters are electromagnetic (electromagnetic fields, magnetic flux and electric current 
densities), electrical (resistance and inductance, maximum field coefficient) and 
electromechanical (Lorentz force density and maximum force coefficient). The results 
obtained will then be compared to numerical computations performed onto some test cases. 
In order to get an approximate but robust analytical solution, it is proposed to assume an 
axial symmetry and to solve the problem in the harmonic working condition before studying 
the transient state. 
Keywords 
Magnetic pulse forming and welding, Analytical methods, Bessel functions 
1 Introduction 
Electromagnetic problems are usually divided into three categories: low, intermediate, and 
high frequency. At low frequencies, static conditions are assumed; at high frequencies, wave 
equations are used. Both of these regions have been studied extensively. However, in the 
intermediate frequency range, where diffusion equations are used, only a few problems have 
actually been solved. The induction problems concerning the magnetic pulse technology fall 
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into this intermediate frequency region (Jackson, 1999). The magneto-forming is a shaping 
process for conducting materials. It takes profit from the Lorentz force effects that the 
oscillating magnetic field produces on a metal in which eddy currents are induced. The stake 
is the evaluation of this force through the fields and currents. 
This paper proposes an analytical method in order to calculate the electromagnetic 
fields and densities that are generated by the current pulse in the inductor used in the 
magneto-forming technology. Different geometries of inductors are used to generate 
electromagnetic pulses. In several applications the single turn coil is preferable to the multi-
turn coil because it is more robust (Psyk et al., 2011) and (Wilson et al., 1965). Single turn 
coils are used in pulsed magnetic technologies for which both magneto-harmonic and 
transient magnetic analyses are required. We suggest studying one single turn coil example 
made of a conducting massive coil. Due to a cut within the toroïdal coil between the two 
terminals, it is rigorously a 3D component with no axial symmetry. Because this cut is very 
small, we would like to investigate the possibility to reduce this geometry into an equivalent 
2D and then 1D axi-symmetrical model, giving with good approximation the solution. Since 
the coil is highly conducting and the source is varying very quickly in time (from 10 to 100 
kHz), we suggest computing the model with time harmonics in order to analyse the eddy 
currents, skin effects and induced Lorentz forces. 
In the following we will first derive the general 1D Partial Differential Equation (PDE) 
in cylindrical coordinates, then solve the problem in the harmonic working condition, finally 
give the results onto the main electromagnetic fields, densities, and electrical and 
electromechanical parameters, before concluding. 
2 Theory 
The equations for the vector potential A

 can be derived from the Maxwell's equations:
t
DjH 


(1)
t
BE 


(2)
0 B (3)

 E (4)
The medium is assumed to be linear, isotropic and homogeneous; the following 
relationships between D

 and E

, and B

 and H

 hold: HB
  (5),	 ED   	(6);	 and   are 
respectively the absolute magnetic permeability and dielectric permittivity. The current 
density j

can be expressed in terms of the Ohm's law: Ej
  	(7);	where   is the electric
conductivity.	
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Eq. 6 and Eq. 7 may be substituted into Eq. 1 to obtain the curl of H

 in terms of E

:
t
EEH 

 
(8)
The term E
 is much greater than   tEε   , so the latter may be neglected for
frequencies below about ten megacycles per second (Dodd et al., 1968) and (Dodd, 1967). 
The magnetic induction field B

 may be expressed as the curl of a magnetic vector potential
iA

, Eq. 9 replacing Eq. 9 in Eq. 2 and Eq. 7 give Eq. 10 and Eq. 11.  
iAB
  (9)
t
A
A
t
E ii 



(10) 
ଔԦ ൌ ߪܧሬԦ ൌ െߪ ஺Ԧ೔డ௧ െ ߪ׏ሬԦܸ	 (11)	
where V is an electric scalar potential. The coil may be driven by a voltage generator with 
an applied voltage V. The total electric field E

 is thus the sum of the source field VEs 

and the induced field ܧሬԦ௜ ൌ െ߲௧ܣԦ௜. In the following, we investigate the possibility to look 
after a total magnetic potential A

 responsible for the total electric field E

 and the total
electric current density j

 such that:
ܧሬԦ ൌ െడ஺Ԧడ௧ ,		ଔԦ ൌ െ
డ஺Ԧ
డ௧ 	and		ܤሬԦ ൌ ׏ሬԦ ܣԦ	 (12)	
By using the Coulomb gauge ׏.ሬሬሬԦ ܣԦ ൌ 0, Eq. 12, Eq. 9 and Eq. 5 into Eq. 1, we obtain: 
0
t
AA 

  	 (13)	
Figure 1: Geometry of the 3D geometry and its 2D reduced model 
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Fig.1 shows the inductor in 3, 2 and 1 dimensions respectively. The present analytical 
model is made on the basis of a 1D scheme. In 1D axial symmetric model only the  
(orthoradial) components AФ and jФ are present in the magnetic vector potential A

 and in 
the current density j

. Then, we obtain the homogeneous Partial Differential Equation (PDE) 
Eq. 14 of the inductor in cylindrical coordinates (r,߶,z) while neglecting both the z and ߶ 
dependences. 
 
0
t
A
r
A
r
A
r
1
r
A
22
2



  
	 (14)	
3 Harmonic Model 
Assuming that both the voltage V and the total current I are sinusoidal functions of time,
)t(iVeV    and tiIeI  . Then the vector potential is likewise a sinusoidal function of time,
tieAA   , with A  a complex magnitude. Eq. 14 is then written as follows: 
0Ai
r
A
r
A
r
1
r
A
22
2




  	 (15)	
3.1 General Solution of the Homogeneous PDE 
By using the global form of vector potential A, we consider that the total current density is 
included in the vector potential equation. For this, The 1D PDE and its solution in the 
harmonic working condition are given in Eq. 16 and Eq. 17. (μ is the magnetic permeability 
of the coil, σ is the electrical conductivity of the coil,  is the angle velocity of the current, 
2 = μσ. Eq. 16, is called the modified Bessel equation, for which the solution is given by 
Eq. 17 (Andrew Gray et al., 1985) and (Figueiredo Jardim et al., 1989). 
0)1( 22
2
2
2 



  Air
r
A
r
r
A
r 	 (16)		
ܣ∅ሺݎ, ߱ሻ ൌ ܥଵܬଵሺߙଵݎሻ െ ݅ ∗ ܥଶܭଵሺߙଶݎሻ (17)	
With ߙଵ ൌ ߙ. ݎ. ݁ሺ
యഏ
ర ௜ሻ and ߙଶ ൌ ߙ. ݎ. ݁ሺ
ഏ
ర௜ሻ, and where ܬଵ is the Bessel function of order 
1 and first kind, and ܭଵ is the modified Bessel function of order 1 and second kind. The 
constants C1 and C2 can be determined from the boundary conditions and constraints (see 
next section).  
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3.2 Complete Solution with Limit Conditions and Constraints 
We now need a limit condition on the surface field, and a total current constraint, and we 
assume that the inductor has a finite equivalent length Z2 along the z axis (even if no z 
dependence is considered, see § 3.3).  
ܫ ൌ ׬ ׬ ݆݀ݎ݀ݖା௓మ/ଶି௓మ/ଶ
ோ೎೐
ோ೎೔ ൌ െߪܼଶ݅߱ ׬ ܣ∅ሺݎ, ߱ሻ݀ݎ
ோ೎೐
ோ೎೔ 	 (18)	
ܫ ൌ ∮ܪ݈݀ ൌ ܪ௭ሺܴ௖௜,ሻܼଶ ൌ ஻೥ሺோ೎೔,ሻ௓మఓబ ൌ
௓మ
ఓబ ሺ
஺∅ሺோ೎೔,ሻ
ோ೎೔ ൅ ௥߲ܣ∅ሺܴ௖௜,ሻሻ	 (19)	
After some mathematical operations, we get: 
ܥଵ ൌ ஼భమ௄బሺఈమோ೎೔ሻି஼మమሺ௄బሺఈమோ೎೐ሻି௄బሺఈమோ೎೔ሻሻ௄బሺఈమோ೎೔ሻ൫௃బሺఈభோ೎೐ሻି௃బሺఈభோ೎೔ሻ൯ି௃బሺఈభோ೎೔ሻሺ௄బሺఈమோ೎೐ሻି௄బሺఈమோ೎೔ሻሻ (20)	
ܥଶ ൌ ஼మమ൫௃బሺఈభோ೎೐ሻି௃బሺఈభோ೎೔ሻ൯ି஼భమ௃బሺఈభோ೎೔ሻ௄బሺఈమோ೎೔ሻ൫௃బሺఈభோ೎೐ሻି௃బሺఈభோ೎೔ሻ൯ି௃బሺఈభோ೎೔ሻሺ௄బሺఈమோ೎೐ሻି௄బሺఈమோ೎೔ሻሻ (21)	
where: 
ܥଵଶ ൌ ூఈమఙ௓మఠ (22)	
ܥଶଶ ൌ െ݅ ூఓబ௓మఈమ (23)	
3.3 How to Include the Z Dimension 
The analytical model is calculated in one dimension for which the total length Z of the 
inductor should tend to the infinite. To qualify this modeling, we have compared the results 
to 2D numerical results obtained with the Finite Element method. The discrepancy between 
analytical and numerical results is mainly due to the finite Z dependence of the actual 
electromagnetic fields and densities. In order to reduce this error, we must take the 
dimension « Z » into account. In the 2D numerical simulations, we can observe that the 
current density j is expanding along the direction z with a longer equivalent length 
Z2=(Z+2∆Z), including the edges of equivalent length ∆Z at both sides (Fig. 2). As a 
conclusion, we propose to use Z2 instead of Z inside the previous solution. The absolute and 
relative difference 2∆Z between Z2 and Z can be expressed and estimated as a function of Rci 
and Z : ∆Z  = (Z2-Z)/2 = f(Z,Rci)	(24).	The first analysis consists in adjusting the value of 
∆Z for a fixed radius Rci and various coil length Z, in order to fit the 2D numerical data. We 
observe that ∆Z depends only very slightly on the length Z, but the relative error ∆Z/Z is 
rapidly decreasing when the length is increasing, rendering the 1D assumption more relevant 
(Fig. 2). Next analysis might consider the dependence of the relative error ∆Z/Z on the radius 
Rci; which should be easier to interpret thanks to an analytical 2D model. 
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Figure 2: Numerical computation of the current density distribution and variation of the 
∆Z correction factor according to the length Z of inductor. 
3.4 How to Compute Electrical and Electromechanical Parameters 
The magnetic vector potential solution A

 in Eq. 17 can be used to compute the whole 
electromagnetic fields B

, H

, E

and j

 thanks to Eq. 12, Eq. 5 and Eq. 7. As a consequence, 
it becomes finally possible do deduce global quantities such as the Joule losses 
Pj=(j2/(2))d3x, the equivalent coil resistance R (Eq. 25), the stored magnetic energy Wm-
Wm0=(jA/2)d3x, the equivalent coil inductance L (Eq. 26), the maximum field coefficient 
Kb (Eq. 27) and the maximum force density coefficient Kf (Eq. 28).   
௝ܲ ൌ ∭ ଵଶߪሺ߱ܣሻଶݎ݀ݎ݀∅݀ݖ௖௢௜௟ ܽ݊݀	ܴ ൌ
ଶ௉ೕ
ூమ  (25) 
௠ܹ ൌ ௠ܹ଴ ൅∭ ଵଶߪ߱ܣଶݎ݀ݎ݀∅݀ݖ௖௢௜௟ 	ܽ݊݀	ܮ ൌ
ଶௐ೘
ூమ  (26) 
ܤ௠௔௫ ൌ ݉ܽݔ൛หܤሬԦ ∙ ݑ௭ሬሬሬሬԦหൟ	ܽ݊݀	ܭ௕ ൌ ஻೘ೌೣ൫ூ ൫௓∗ሺோ೎೐ିோ೎೔ሻ൯⁄ ൯              (27) 
௠݂௔௫ ൌ ݉ܽݔ൛ห Ԧ݂ ∙ ݑ௥ሬሬሬሬԦหൟ	ܽ݊݀	ܭ௙ ൌ ௙೘ೌೣఠ൫ூ ൫௓∗ሺோ೎೐ିோ೎೔ሻ൯⁄ ൯మ              (28) 
4 Simulation and Experimental Results 
The geometrical parameters of the inductor are given in the Appendix; the coil length is: 
Z=20…200 mm; the current peak is: I=825(Z[mm]/30) kA (I/(Z*(Rce-Rci)) stays constant, the 
reference current being 825 kA when Z=30 mm); the frequency is: F = 20 kHz. 
In the following, we will analyze the results on j, B and f obtained as follow: 
ଔԦ ൌ ݆ݑఝሬሬሬሬሬԦ ൌ െߪ߱ܣݑఝሬሬሬሬሬԦ	 			(29)	
ܤሬԦ ൌ ܤݑ௭ሬሬሬሬԦ ൌ ቀ஺௥ ൅
డ஺
డ௥ቁ ݑ௭ሬሬሬሬԦ	 (30)	
Ԧ݂ ൌ ݂ݑ௥ሬሬሬሬԦ ൌ ݎ݈݁ܽሺ݆. ܤ∗ሻݑ௥ሬሬሬሬԦ (31)	
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4.1 Electromagnetic Fields and Densities 
Fig. 2, Fig. 3 and Fig. 4 show the results obtained for the magnitude of the current density |j|, the 
flux density |B| and the Lorentz force density |f| respectively (complex modules). 
 
Figure 3: Current density distribution inside the coil (Z = 200 mm) 
 
Figure 4: Magnetic flux density distribution inside the coil (Z = 200 mm) 
 
Figure 5: Lorentz force density distribution inside the coil (Z = 200mm) 
Fig. 3, Fig. 4 and Fig. 5 show an interesting agreement between numerical and 
analytical calculations for the main tendency due to the skin effect. The discrepancy is due 
to the dependence on z coordinate but this last can however be reduced thanks to the ∆Z 
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correction factor (see Fig. 2 and Fig. 6). Either any disparity between the two methods or 
any deterministic relationship between ∆Z, Rci and Z can be improved and found by a 2D 
resolution. 
Figure 6: Lorentz force density distribution inside the coil (Z = 40, 80 and 200 mm) 
Finally, it is possible to go further in the modelling technique by either considering: 
1) the reduced potential iA

 and the source field inside Eq. 13 to Eq. 16, 
2) the transient effect by solving the time dependent Eq. 14,
3) the z dependence by solving the 2D PDE coming from Eq. 13,
4) any second or third region to model a field shaper or a tube to deform.
4.2 Electrical and Electromechanical Parameters 
In this section Fig. 7 and Fig. 8 show the results obtained for the electrical (equivalent coil 
resistance R and inductance L) and electromechanical (maximum field coefficient Kb and 
maximum force density coefficient Kf) parameters respectively (see Eq. 25, Eq. 26, Eq. 27 
and Eq. 28). 
Figure 7: The equivalent coil resistance and coil inductance defined by Eq. 25 and Eq. 26 
as a function of the frequency F (Z = 40, 80 and 180 mm).  
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As expected, we can see on figures Fig. 7 that the resistance is increasing while 
increasing the frequency (skin effect resistance) and decreasing while increasing the coil 
length or section. For similar reasons, the inductance is decreasing while increasing the 
frequency (skin effect inductance) and also decreasing while increasing the coil length or 
section. 
Figure 8: The maximum field coefficient and the maximum force density coefficient defined 
by Eq. 27 and Eq. 28 as a function of the frequency F (Z = 40, 80 and 180 mm). 
In the same time, we can see on figures Fig. 8 that the maximum field coefficient stays 
constant whatever the frequency is (no skin effect dependent) and that this coefficient is 
increasing while increasing the coil length but with a limit around 101 mT/(A.mm-2) which 
corresponds to the perfect infinite coil. Finally the maximum force density coefficient is 
decreasing while increasing the frequency and increasing while increasing the coil length 
but still with a limit around 65 (N.s.m-3)/((A.mm-2)2). 
The figures Fig. 7 and Fig. 8 permit to check that the 1D model proposed is also able 
to compute the main electrical and electromechanical parameters as a function of the 
frequency F and the coil length Z. All the main parameters are correctly computed but 
unfortunately, an unknown initial stored energy Wm0 is necessary to get the correct 
inductance value. This might be due to the choice of the total magnetic vector potential 
instead of the reduced potential iA

 inside Eq. 13 to Eq. 16. 
5 Conclusion 
Starting from the general 1D Partial Differential Equation (PDE) and using a series 
development in a space of well-chosen base functions, it is possible to get a simple analytical 
solution. This method might ease the couplings between electrical, electromagnetic and 
mechanical effects. This method will help for: 1) the magnetic pulse process simulation, 2) 
the inductor sizing and optimization, 3) the choice of optimal working conditions. 
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Appendix A Geometrical and Physical Parameters 
A.1 Parameters of the Coil Geometry
Name Value significance
Rci 20 mm Internal coil radius 
Rcii 30 mm Intermediate coil radius 
Rce 100 mm External coil radius 
Table 1: Parameters of the coil geometry 
A.2 Parameters of the Materials
Name Value significance 
0 4.10-7 H.m-1 Vacuum magnetic permeability 
c 10 % IACS* Coil electrical conductivity 
Cu 5.8 e7 S.m-1 Copper electrical conductivity 
Table 2: Parameters of the materials (@20°C) 
*IACS: International Annealed Copper Standard (100 % IACS = Cu)
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